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Abstract
For a given graph G, denote by G the subgraph of G induced by the vertices of max-
imum degree. The total chromatic number T(G) of a graph G is the minimum number of
colours needed to colour the edges and the vertices of G so that incident or adjacent ele-
ments have distinct colours. We show that if G =K2 is of even order, G is a forest, and
(G)+(G)¿ 32 (|V (G)| − 1) then T(G)=(G)+ 1. We also show that for graphs G of even
order and (G) + (G)¿ 32 |V (G)| − 52 we have that T(G)6(G) + 2.
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1. Introduction
The graphs we shall consider are 8nite and simple. Let G be a graph. We denote its
vertex set, edge set, complement, chromatic index, size (number of edges), minimum
degree, maximum degree, and size of a maximum matching by V (G); E(G); :G; ′(G);
e(G); (G); (G), and 
′(G), respectively. If F ⊆ E(G), then G − F is the graph
obtained from G by deleting F from G. We denote by G the subgraph of G induced
by the vertices of maximum degree. A vertex of maximum degree is called a major
vertex, otherwise it is called minor. A matching M saturates a vertex v, and v is said
to be M -saturated, if some edge of M is incident with v.
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Given a graph G, a function  :E(G)∪V (G)→ N is called a (proper) total colouring
if no two adjacent or incident elements are assigned the same colour from N . The total
chromatic number of G, denoted T(G), is the smallest positive integer k for which
there exists a total colouring  : E(G) ∪ V (G)→ {1; : : : ; k}.
From the de8nition of total chromatic number, it is clear that T(G)¿(G) + 1.
Behzad [1] and Vizing [13] independently made the following conjecture.
Total Colouring Conjecture (TCC). For any graph G; T(G)6(G) + 2.
This conjecture was proved for complete graphs, for graphs G having (G)6 5,
for complete r-partite graphs, for graphs G having (G)¿ 34 |V (G)|, and for graphs G
having (G)¿ |V (G)| − 5. For details, see [3,9–11,14,16].
If T(G) = (G) + 1; G is said to be type 1 and if T(G) = (G) + 2; G is said to
be type 2. Hilton [8] gave a complete classi8cation of graphs G of order 2n having
(G) = 2n− 1 according to their total chromatic numbers. Yap [15] proved that if G
is a graph of order 2n and G is type 1, then e( :G) + 
′( :G)¿ n(2n−(G)). Chen and
Fu [2] gave a complete classi8cation of graphs G of order 2n having (G) = 2n − 2
according to their total chromatic numbers, and Chew [4] proved that if G is a graph
of odd order, minimum degree (G) and r(G) vertices of maximum degree (G) such
that (G) + (G)¿ 32 |V (G)|+ r(G) + 52 , then T(G) = (G) + 1.
The main results of this paper are mentioned in the abstract.
2. Useful results
We begin by stating some useful results from the literature. The 8rst is a result of
ErdHos and PJosa [5].
Lemma 1. A graph G contains a matching of size at least min{(G); [ 12 |V (G)|]}.
The second is a result of Flandrin et al. [7], which generalises Dirac’s theorem giving
suLcient degree conditions for a graph to be Hamiltonian.
Lemma 2. Let G be a 2-connected graph. If, for each set {v1; v2; v3} of three inde-
pendent vertices,
3∑
i=1
dG(vi)¿ |V (G)|+
∣∣∣∣∣
3⋂
i=1
NG(vi)
∣∣∣∣∣ ;
then G is Hamiltonian.
The third is a result of Hilton [8] and that of Yap [15].
Lemma 3. (1) Let G be a graph of order 2n and (G)=2n−1. If e( :G)+
′( :G)¿ n,
then T(G) = 2n.
(2) For any graph G of order 2n,
e( :G) + 
′( :G)¿ n(2n+ 1− T(G)):
D. Xie, W. Yang /Discrete Mathematics 271 (2003) 295–302 297
Corollary 1. Let G =K2 be a graph of even order. If G is a forest and (G) =
|V (G)| − 1 then T(G) = (G) + 1.
Proof. Let V be the set of major vertices of G. Since G =K2, we may assume that
|V (G)|=2n¿ 4. Since G is a forest and (G)= |V (G)|−1, it follows that |V|6 2.
Consequently, for each v∈V ( :G)− V, we have d :G(v)¿ 1. Thus
e( :G)¿
2n− 2
2
= n− 1:
Now
e( :G) + 
′( :G)¿ n:
Hence, by Lemma 3, T(G) = (G) + 1.
The following result is a corollary of Vizing’s [12] theorem (see [6]).
Lemma 4. Let G be a graph. If G is a forest, then ′(G) = (G).
Lemma 5. Let G be a graph of order p, let =(G) and let V be the set of major
vertices of G. Suppose G is a forest and p − 2¿¿ 12p − 1. Then :G contains a
matching {x1y1; : : : ; xp−−1yp−−1} such that
|V − {x1; y1; : : : ; xp−−1; yp−−1}|6 1:
Proof. Since ¿ 12 p− 1, we have p− − 1 = ( :G)6 12p. Hence, by Lemma 1, :G
contains a matching of size p− − 1.
Let M = {x1y1; : : : ; xp−−1yp−−1} be a matching of :G such that V0 = {x1; y1; : : : ;
xp−−1; yp−−1} has the maximum number of vertices in common with V, i.e. |V−
V0| is minimum.
Suppose |V − V0|¿ 2. Let x; y∈V − V0. We 8rst prove that |V|6p −  + 1,
which will be used later.
Suppose |V|¿p− + 1. Then for any v∈V,
dG(v)¿− |V (G)− V|= − (p− |V|) = − p+ |V|
¿− p+ (p− + 2) = 2;
which contradicts the assumption that G is a forest. Next, from p − 2¿, it
follows that
|V0|= 2(p− − 1)¿ (p− + 1)− 1¿ |V| − 1:
Hence V0 contains at least one minor vertex, say yi.
Finally we consider two cases separately.
Case 1: xi ∈V.
In this case, if xy ∈ E(G), then replacing xiyi by xy in M , we get a contradiction
to the assumption that |V−V0| is minimum. On the other hand, if xy∈E(G), then xi
cannot be adjacent to both x and y, because G is a forest. Assume that xix ∈ E(G),
then replacing xiyi by xix in M , we get another contradiction.
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Case 2: xi ∈V (G)− V.
It is clear that we can also assume that xy∈E(G) and that each xi and yi is adjacent
to both x and y. Let z ∈V (G) be such that zx ∈ E(G). It is clear that we can assume
that z ∈V0. Let z= zj ∈{xj; yj} and let z′j be such that {zj; z′j}= {xj; yj}. Then z′j ∈V
and z′jy∈E(G) otherwise we can easily obtain a contradiction. Moreover, since G is
a forest, we have z′jx ∈ E(G) and by case 1, we can also assume that zj ∈V and that
zjy∈E(G). Thus V0 contains at least p −  − 1 major vertices z1; : : : ; zp−−1 which
are not adjacent to x.
By symmetry, V0 contains at least p −  − 1 major vertices w1; : : : ; wp−−1 which
are not adjacent to y and {z1; : : : ; zp−−1} ∩ {w1; : : : ; wp−−1}= . Consequently
|V|¿ 2 + 2(p− − 1)¿p− + 1
which is again a contradiction.
3. The main results
Theorem 1. Let G =K2 be a graph of even order and G be a forest. If (G) +
(G)¿ 32 |V (G)| − 32 then T(G) = (G) + 1.
Proof. Let 2n = |V (G)|;  = (G);  = (G) and let V be the set of major vertices
of G. Since G =K2 and G is a forest, from Corollary 1, we may assume that 2n¿ 4
and 6 2n− 2. Since G is a forest, ¿ + 1. Then
2¿ + 1 + ¿ 32 (2n)− 12 = 3n− 12 :
Hence
¿ 32 n− 14 : (1)
Since 2n− 2¿¿ 32 n− 14 , we have n¿ 4. Thus, we also assume that 2n¿ 8.
By (1), we have ¿ n − 1 = 12 |V (G)| − 1. By Lemma 5, there exists a subset
V0 = {x1; y1; : : : ; x2n−−1; y2n−−1} of V (G) such that |V − V0|6 1 and xi and yi are
nonadjacent in G for i = 1; : : : ; 2n− − 1.
We now claim that there are 2n −  − 1 pairwise edge-disjoint matchings F1; : : : ;
F2n−−1 of G such that each vertex of degree at least n + 1, except xj and yj, is
Fj-saturated for j = 1; : : : ; 2n− − 1.
Suppose we have these matching F1; : : : ; Fk−1, where k6 2n −  − 1. Let G1 =
G; : : : ; Gk = G − (F1 ∪ · · · ∪ Fk−1) and let Hk = Gk − {xk ; yk}. Form a new graph
H ′k from Hk by pairwise joining all vertices with degree, in Hk , at most n − 2. It
follows that
(Hk) + (Hk)¿ (Gk) + (Gk)− 4
¿ + − 2(2n− − 2)− 4
¿ 3n− 3
2
− 2(2n− − 2)− 4
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= 2− n− 3
2
¿ 2
(
3n
2
− 1
4
)
− n− 3
2
= 2n− 2: (2)
Hence
(H ′k) + (H
′
k)¿ (Hk) + (Hk)¿ |V (H ′k)|:
Thus, H ′k is a connected graph.
Case 1: H ′k is 2-connected.
The graph H ′k has the property that all vertices of degree less than n− 1 in H ′k are
joined by an edge of H ′k . It follows that in any set of three independent vertices in
H ′k , at most one vertex can have degree less than n − 1. Thus, if {b1; b2; b3} is a set
of independent vertices in H ′k , then
3∑
i=1
dH ′k (bi)¿ 2(n− 1) + mini=1; 2; 3 {dH ′k (bi)}
¿ |V (H ′k)|+
∣∣∣∣∣
3⋂
i=1
NH ′k (bi)
∣∣∣∣∣ :
Since H ′k is also 2-connected, it follows from Lemma 2 that the graph H
′
k is Hamil-
tonian. Let Ck be a Hamilton cycle in H ′k and let Fk be a maximum matching in
H ′k such that Fk ⊆ E(Ck) ∩ E(G). By (2), there exists a vertex v∈V (Hk) such that
dHk (v)¿ n−1= 12 |V (Hk)|, thus Fk =. Since H ′k is obtained from Hk by the addition
of some edges incident only with vertices of degree at most n− 2 in Hk , all vertices
of G of degree at least n+ 1, except xk and yk , are Fk -saturated.
Case 2: H ′k is 1-connected, but not 2-connected.
Let vk be a cut vertex of H ′k and let V
′
k ={v|dH ′k (v)¿ n−1= 12 |V (H ′k)| and v = vk}.
By the property of the graph H ′k , it follows that V
′
k =. Let H ′′k =H ′k −{vk}. For each
w1; w2 ∈V ′k , dH ′′k (w1)¿ n− 2 and dH ′′k (w2)¿ n− 2, and so
dH ′′k (w1) + dH ′′k (w2)¿ 2n− 4 = |V (H ′′k )| − 1:
Thus, all vertices of V ′k occur in a single component of H
′
k − {vk}. Furthermore, all
vertices v∈V (H ′k) − {vk} for which dH ′k (v)¡n − 1 are joined by edges, and, thus,
must also occur in a single component of H ′k − {vk}. Since all vertices fall into one
or the other of these classes, H ′k − {vk} contains exactly two components, the smaller
of which is complete and the larger of which has the property that all vertices have
degree (in H ′k − {vk}) at least n − 2 (and, thus, since this component can contain at
most 2n− 4 vertices, is Hamiltonian).
Both components of H ′k −{vk} are Hamiltonian. Let H∗k be the larger component of
H ′k − {vk} and let C∗k be a Hamilton cycle in H∗k .
Suppose that C∗k is an even cycle. Let F
∗
k be a maximum matching in H
∗
k such that
F∗k ⊆ E(C∗k ). If dHk (vk)¡n − 1, let Fk = F∗k ∩ E(G). If dHk (vk)¿ n − 1, choose an
edge ukvk in Hk such that uk ∈V (Hk)− V (H∗k ) and let Fk = (F∗k ∩ E(G)) ∪ {ukvk}.
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Suppose that C∗k is an odd cycle. By (2), Hk is a connected graph. Thus, we can
choose an edge u′kvk in Hk such that u
′
k ∈V (H∗k ) and let F ′k be the maximum matching
in H∗k such that F
′
k ⊂ E(C∗k ) and u′k is not incident with an edge in F ′k . Let Fk =(F ′k ∩
E(G)) ∪ {u′kvk}.
It is the same as in case 1, all vertices of G of degree at least n+1, except xk and
yk , are Fk -saturated.
The above cases show that the matchings F1; : : : ; F2n−−1 exist.
Let G2n−=G− (F1∪· · ·∪F2n−−1). Form a new graph G∗ by adding a new vertex
v∗ to G2n− and joining v∗ to each vertex of V (G)− V0 by an edge. Now
|V (G)− V0| = 2n− 2(2n− − 1) = 2− 2n+ 2
¿ 2( 32 n− 14 )− 2n+ 2
= n+ 32 :
Thus dG∗(v∗) = 2 − 2n + 2¿ n + 2. When we discuss maximum degree of G∗, we
should consider the following two facts:
(i) Each vertex of G of degree at least n + 1, except xk and yk , is Fk -saturated for
k = 1; : : : ; 2n− − 1, and
(ii) 2− 2n+ 2¿ n+ 2.
Case 1: v∈V0.
Since − (2n− − 2) = 2− 2n+ 2, then each vertex v in V0 has degree dG∗(v)
at most 2 − 2n + 2 in G∗, and dG(v) =  if and only if dG∗(v) = 2 − 2n + 2 for
v∈V0.
Case 2: v∈V (G)− V0.
If dG(v) = , then dG∗(v) = + 1− (2n− − 1) = 2− 2n+ 2. If dG(v)¡, we
have dG∗(v)6 2− 2n+ 1.
Thus (G∗) = 2− 2n+ 2.
Since |V−V0|6 1, then there exists at most one major vertex of G in V (G)−V0.
Since G is a forest, it follows from the above discussion of the maximum degree of
G∗ that G∗ is also a forest. By Lemma 4, there exists an edge colouring # of G
∗ that
uses 2 − 2n + 2 colours. We now form a total colouring  of G that uses  + 1
colours as follows:
(e) = #(e) if e∈E(G) ∩ E(G∗);
(v) = #(vv∗) if vv∗ ∈E(G∗);
(e) = k if e∈Fk; for k = 1; : : : ; 2n− − 1;
(xk) = (yk) = k if xk ; yk ∈V0; for k = 1; : : : ; 2n− − 1:
It can be checked that  is indeed a total colouring of G.
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Theorem 2. Let G be a graph of even order and
(G) + (G)¿ 32 |V (G)| − 52 :
Then T(G)6(G) + 2.
Proof. Let |V (G)| = 2n. If (G) = 2n − 1 or 2n = 2, then the result is known in
these cases (see [9]). Thus, we assume that (G) =2n − 1 and 2n =2. Let v∈V (G)
be such that dG(v) = (G). Then there exists a vertex u∈V (G) such that u and v is
nonadjacent in G. Form a new graph G′ by adding an edge uv to G. Then G′ is a
forest and
(G′) + (G′)¿ 32 |V (G′)| − 32 :
By Theorem 1, T(G′) = (G′) + 1, it follows that
T(G)6 T(G′) = (G′) + 1 = (G) + 2:
Corollary 2. Let G be a graph of even order and such that (G)¿ 34 |V (G)| − 54 .
Then T(G)6(G) + 2. If G is a forest then G is of type 1 unless G = K2.
Proof. From the hypothesis of the Corollary 2, we have
(G) + (G)¿ 2(G)¿ 32 |V (G)| − 52 :
By Theorem 2, T(G)6(G)+2. Moreover, if G is also a forest, except for G=K2,
it follows that
(G) + (G)¿ 2(G) + 1¿ 32 |V (G)| − 32 :
By Theorem 1, G is type 1.
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